We report sympathetic cooling of 113 Cd + by laser-cooled 40 Ca + in a linear Paul trap for microwave clocks. Long-term low-temperature confinement of 113 Cd + ions was achieved. The temperature of these ions was measured at 90(10) mK, and the corresponding uncertainty arising from the secondorder Doppler shifts was estimated to a level of 2 × 10 −17 . Up to 4.2 × 10 5 Cd + ions were confined in the trap, and the confinement time constant was measured to be 84 hours. After three hours of confinement, there were still 10 5 Cd + ions present, indicating that this Ca + -Cd + dual ion system is surprisingly stable. The ac Stark shift was induced by the Ca + lasers and fluorescence, which was carefully estimated to an accuracy of 5.4(0.5) × 10 −17 using a high-accuracy ab initio approach. The Dick-effect-limited Allan deviation was also deduced because deadtimes were shorter. These results indicate that a microwave clock based on this sympathetic cooling scheme holds promise in providing ultra-high frequency accuracy and stability.
I. INTRODUCTION
With the development of atomic clock technology, atomic clocks have played an important role in both basic physics [1-3] and practical applications [4] . Because of their long-term stability and relatively simple structure, microwave clocks play an irreplaceable role in areas such as satellite navigation [5] , deep space exploration [6, 7] , and time keeping [8] . To date, cesium fountain clocks have reigned supreme in state-of-the-art performance regarding frequency uncertainty. Uncertainties have been reduced to the 10 −16 level, the main limitation being collision shifts, black-body radiation (BBR) shifts, and cavity phase shifts [9] . Among microwave atomic clocks, those based on ions have attracted extensive research because of unique advantages. First, ion clocks have small collision shifts because of the strong Coulomb repulsion between ions. Second, ions confined in the trap occupy a small space volume, making it easier to measure the temperature with high precision by reducing the uncertainty associated with BBR shifts. Third, ion clocks need no microwave cavity, and therefore uncertainties from cav-ity phase shifts do not arise. In fountain clocks, such shifts arise from the asymmetry of the electric fields in the microwave cavity when atoms move up and down.
To date, 113 Cd + [10, 11] , 171 Yb + [12, 13] , and 199 Hg + [14, 15] ions have been used in the development of microwave ion clocks. A great deal of progress has been achieved. In the past ten years, our group has been committed to developing a microwave atomic clock based on 113 Cd + [11, [16] [17] [18] [19] [20] . At present, the short-term frequency instability has reached 6.1 × 10 −13 / √ τ , and the uncertainty associated with ground-state hyperfine splitting has reached 6.6 × 10 −14 [11] . Currently, the fundamental limitation halting further improvements in accuracy and stability of microwave ion clocks are the second-order Doppler shifts (SODSs), and the Dick effect resulting from dead times during interrogations [21] .
In the past few years, sympathetic-cooling technology has greatly advanced the development of the optical ion clock. Optical ion clocks based on Mg + sympathetic cooling of Al + have become one of the most accurate atomic clocks in the world [22] . This cooling technology cools the target ions continuously to a lower temperature through Coulomb interactions with the coolant ion. Sympathetic cooling could be an effective method to overcome the limitations on stability and accuracy of microwave ion clocks. The application of sympathetic cooling to microwave ion clocks was earlier proposed by arXiv:2002.04228v2 [physics.atom-ph] 12 Feb 2020 D. J. Wineland and collaborators from National Institute of Standards and Technology, and a preliminary scheme was studied involving the use of 198 Hg + [23] and 26 Mg + [24] sympathetic cooling 9 Be + in further developments of the Be + frequency standard in the Penning trap. Microwave ion clocks need to trap a large number of ions stably to improve the signal-to-noise ratio (SNR) during the interrogation of clock signals. Under the sympathetic cooling scheme, Coulomb repulsion of the inner shells of ions makes the stable trapping of large numbers of dual ion systems very challenging experimentally. With the cooling lasers of the coolant ions operating during microwave interrogations, the light shifts caused by these lasers and the fluorescence of the coolant ions must be evaluated carefully.
We had earlier proposed using 24 Mg + to sympathetically cool 113 Cd + and have reported results of our experiment [19] . Compared with that scheme, using 40 Ca + as coolant is more promising because of certain key advantages. First, the mass ratio of 113 Cd + and 40 Ca + is smaller than 113 Cd + and 24 Mg + and therefore increases the cooling efficiency and improves the trapping stability. Second, the reaction rate of 40 Ca + with residual background H 2 are much smaller than 24 Mg + . The reaction turns the Mg + into dark ions and is sufficient to limit the cooling efficiency and stability of confinement. Third, the lasers for 40 Ca + are much easier to obtain than those for 24 Mg + . All the lasers needed for 40 Ca + cooling can be generated by diode lasers, apart from the ultraviolet laser for 24 Mg + which must be obtained by a fourth-harmonic-generation laser system. The laser system implemented for 40 Ca + has better reliability and is cost effective compared with that of 24 Mg + .
In this study, a large number of 113 Cd + ions sympathetically cooled by 40 Ca + and stably confined in a linear Paul trap was experimentally achieved. The number of 113 Cd + ions and 40 Ca + ions reached were 4.2 × 10 5 and 1.7×10 5 , respectively, and the confinement time constant reached was 84 hours. The temperature of the Cd + ions was as low as 90(10) mK , and the corresponding SODS was estimated to be −1.84(0.2) × 10 −16 . The ac Stark shifts caused by the coolant ions were carefully estimated by using an accurate ab initio approach; the magnitude and uncertainty at wavelengths 397 nm and 866 nm were 5.4(0.5) × 10 −17 and 2.0(0.2) × 10 −19 , respectively. The Dick-effect-limited Allan deviation was also deduced as there was no need for an extra cooling procedure; its value was decreased to 1.8 × 10 −14 / √ τ . These results show that using Ca + as coolant ions to sympathetically cool Cd + is very stable and efficient. The main uncertainty of the systematic frequency shifts was significantly reduced to 10 −16 level.
II. EXPERIMENT SCHEME
The entire experimental system consists of three parts: the ion trap, the lasers, and the detection system. The ions are trapped in a linear Paul trap using four electrodes. Every electrode is separated into three segments. The middle acts as radio frequency (RF) electrodes for radial confinement, and the ends act as endcap (EC) electrodes for axial confinement. The driving frequency chosen is 2.076 MHz, and the RF voltage varies from 0 V to 500 V, which covers the common stable areas for 113 Cd + and 40 Ca + ions. The EC voltage varies from 0 V to 100 V. To reduce RF heating effects and increase the number of trapped ions, the ratio of R/r 0 was optimized and set at 1.1468 [25] , where 2R = 14.22 mm is the outer diameter of the electrode and r 0 = 6.2 mm the radial distance from the axis of the trap to the closest surface of the electrodes. The vacuum of the vacuum chamber is maintained by an ion pump, the background pressure being around 5 × 10 −10 mBar. Three pairs of Helmholtz coils are used to generate a static magnetic field to split the Zeeman sublevels and compensate for the geomagnetic field.
We chose photoionization instead of electron bombardment ionization to reduce disturbances from stray charges. For the laser setup of the experiment (Fig. 1) , the 423-nm (Ca I 4s 2 1 S 0 → 4s4p 1 P 1 ) laser and the 374-nm lasers are used to ionize neutral 40 Ca into singly charged ions 40 Ca + . The 397-nm (Ca II 4s 2 S 1/2 → 4p 2 P 1/2 ) laser and the 866-nm (Ca II 3d 2 D 3/2 → 4p 2 P 1/2 ) laser are used for Doppler cooling and repumping the 40 Ca + ions. For 113 Cd + , we use the 228-nm (Cd I 5s 2 1 S 0 → 5s5p 1 P 1 ) laser for two-photon ionization of neutral 113 Cd. Because of the hyperfine structure of 113 Cd + , excited dark states are generated. To improve the cooling and fluorescence detection efficiency, we use a circular polarization laser beam to connect two Zeeman sublevels 5s 2 S 1/2 (F=1 m F =1) → 5p 2 P 3/2 (F=2 m F =2) to prevent ions from transitioning into dark states 5p 2 P 3/2 (F=1), and a 15.2-GHz microwave RF signal to repump the ions in dark states 5s 2 S 1/2 (F=0) back to the cycling transition state. The energy levels of 113 Cd + are shown in Fig. 2 . For the detection system, we use an electronmultiplying charge-coupled device (EMCCD) to image the structure of the dual-ion system, and a photomul- tiplier tube (PMT) to determine the number of ionscattered photons quantitatively. The lens between the EMCCD and PMT are well designed to reduce aberration. The wavelengths used for detection are 397 nm and 214.5 nm for 40 Ca + and 113 Cd + , respectively.
III. TEMPERATURE AND ION-LOSS MEASUREMENTS
To apply a sympathetic cooling scheme to a microwave ion clock, two conditions must be met simultaneously: i) a large number of target ions must be stably trapped in the ion trap, and ii) a high sympathetic cooling efficiency must be maintained to keep the target ions at a low temperature.
The measurement of the ion temperature is achieved by measuring Doppler broadening of the laser cooling transition [23, 26] . Fig. 3 is a typical measurement result. To reduce cooling and heating effects of the detection laser, the laser power is maintained below 20µW. The fitting curve is a Voigt profile, expressed as [27] 
where M denotes the mass of 113 Cd + , c the speed of light, and k B the Boltzmann constant. The corresponding ion temperature is 93(1.4) mK, which is the upper limit to the temperature of the ions. Although we have optimized the experimental setup for the dual-ion system, we still need to find out the best experimental parameter settings to achieve stable trapping of a large number of ions in the dual-ion system and efficient cooling of target ions. The main heating source stems from RF heating effects, and hence we measured with different RF voltages the temperature of the 113 Cd + ions sympathetically cooled by 40 Ca + . From the results ( Fig. 4) , we see there is a positive correlation between the ion temperature and the RF voltage, signifying RF heating strongly influences ion temperatures. When the RF voltage is above 300 V, we see the ion temperature rising significantly with increasing RF voltage. These hot 40 Ca + ions cannot be maintained in the liquid phase, and the cloud states cannot cool the 113 Cd + ions to very low temperatures. When the RF voltage is below 250 V, the temperature increases with decreasing RF voltage which we attribute to a decrease in the trap depth. The edge of the RF trap potential may contribute additional heating effects through imperfections in the potential wells. When the RF potential is below 200 V, the 113 Cd + ions cannot be stably confined, and the number of ions decreases rapidly.
Another experimental parameter is the endcap voltage but has no direct influence on the temperature of ions. Nevertheless, as the endcap voltage increases, the ions are squeezed towards the trap axis, and thus more ions will deviate from the trap center, causing an increase in RF heating effects. We measure the temperature of the sympathetic cooled 113 Cd + ions while changing the endcap voltage ( Fig. 5 ). We find three distinct stages between endcap voltages 30 V-50 V. This includes a sharp rise in 113 Cd + temperature, which may indicate a phase transition of 113 Cd + ions into a cloud state. When the endcap voltage is above 60 V, the 40 Ca + ions cannot be maintained in the liquid phase, and they also cause a sharp increase in temperature of the 113 Cd + ions.
According to Ref. [19] , there is a complicated relationship between the ion temperature and the RF or EC voltage because a decrease in ion number can strongly influence the ion temperature. In this experiment, ions are more stably confined in the ion trap, and hence the number of ions barely decreases. Without the influence of ion number, the relationship between ion temperature and the RF or EC voltage is more intuitive. The experimental results are simply understood from RF heating effects.
We were able to obtain a set of optimized experimental parameters for the 40 Ca + sympathetic cooling 113 Cd + scheme, the RF and EC voltage being 250 V and 10 V, respectively. At these parameter settings, the temperature of the 113 Cd + ions was measured to be 90(10) mK.
To find the total number of both ion species in the ion trap, we need to know the volume and density of each species. According to Ref. [29, 30] , the configurations of the inner and outer layer of ions are cylindrical and ellipsoidal, and the gap between the inner surface of the ellipsoid shell and the outer surface of the inner cylinder is proportional to the square root of the mass ratio. We use these two configurations to fit the dual-ion images taken with the EMCCD [Fig. 6(b) ]. From the fitted dimension of the Ca + and Cd + ion clouds [ Fig. 6(c) ], the total ion volume was calculated to be 5.3 mm 3 and 34.7 mm 3 for 40 Ca + and 113 Cd + , respectively. In contrast to results in Ref. [19] , we see from Fig. 6(a) and (b) that, in this experimental scheme, there are nearly no dark ions and the ion signals are much more stable, indicating that using 40 Ca + as coolant to sympathetically cool 113 Cd + is more efficient and stable.
For ions trapped at low temperature, their density is usually estimated using the zero-temperature approxima-tion [29, 30] ,
where ε 0 denotes the permittivity of vacuum, V RF the amplitude of RF voltage, M the ion mass, Ω the trap driving frequency, and r 0 the minimum distance from the trap center axis to the surfaces of the electrodes. In this experiment, V RF = 250V, Ω = 2π × 2.076 MHz. The number density for 113 Cd + and for 40 Ca + were calculated as n Cd = 1.2 × 10 13 m −3 and n Ca = 3.3 × 10 13 m −3 , respectively. Therefore, the total number of 40 Ca + and 113 Cd + ions in the ion trap are N Cd = 4.2 × 10 5 and N Ca = 1.7 × 10 5 , respectively. To analysis the stability of trapping this dual-ion system qualitatively, we measured the loss of 113 Cd + ions from the ion trap. With the RF voltage and EC voltage fixed, and the power and frequency of the lasers stabilized, we assume the PMT counts to be proportional to the ion number. To avoid laser cooling effects during detection, the detection laser is blocked for 10 min after each 20 s measurement [ Fig. 7(b) ]. The ion-loss measurement results are shown in Fig. 7(a) ; the counts from background fluorescence have been subtracted. From Fig. 7(a) , we see that the PMT counts decrease rapidly at the beginning. This is because when the number of ions is large, more ions are located at positions far from the center of the trap well and cause confinement of these ions at the edge of the potential well that are not very stable. After about 25 min, the trapping of 113 Cd + becomes stable, and the rate of ion loss becomes very slow. The fitted curve is an exponential decay curve, and the time constant is about 84 h. After 3.3 h, the PMT count decreased to 40% (from 18306→7021), indicating that there are still 1.7×10 5 113 Cd + ions in the ion trap. This suffices to provide a good SNR for the microwave ion clock. The measurement of the ion number loss shows that under sympathetic cooling this dual-ion system is very stably within the ion trap. Low-temperature stable trapping of 113 Cd + is paramount for further developments to microwave ion clocks.
IV. SYSTEMATIC SHIFTS AND STABILITY ESTIMATION

A. Second-order Doppler Shift
Compared with traditional laser cooling, the sympathetic cooling scheme has many advantages in the application to microwave ion clocks. During pumping and detecting, the large ion clouds are strongly heated by RF heating effects. While the sympathetic cooling scheme is applied, the ions are kept at a low temperature and therefore the uncertainty incurred from SODSs decreases significantly. With the influence of the external field diminished by improving shielding techniques, the SODS has become the fundamental limitation to better accuracy of the microwave ion frequency standard. This highlights the huge potential of applying sympathetic cooling technology in establishing a microwave ion frequency standard.
The estimation of the SODSs for an ion cloud trapped in a Paul trap usually begins with the adoption of a simple model based on the Boltzmann distribution. This simple model is effective at estimating the SODS of ion clouds at high temperature of order of several hundred Kelvin [31, 32] . For trapped ions at low temperature, the correlated strength is estimated using coupling parameter Γ = q 2 /(ak B T ), where a denotes the Wigner-Seitz radius 4πna 3 /3 = 1 [33] . In our experiment, the temperature of the Cd + ions is around 90 mK, the density is about 1.2 × 10 13 m −3 , and the corresponding coupling parameter is 33. Under these conditions, the system begins to exhibit local-order characteristics of a fluid [33] , and there are strong correlations between trapped ions. That is, the SODS of trapped ions at low temperature are obviously different from those of ions at high temperatures. The SODSs of this strongly correlated system need further investigation.
Fortunately, we can roughly estimate SODSs using the equipartition theorem [34] , assuming no micromotion along the axial direction of the Paul trap. The SODSs for the trapped ions are roughly estimated to be
where ν clock denotes the ground state hyperfine splitting of 113 Cd + ; < v 2 s > and < v 2 m > denote the root mean square of the secular motion and the micromotion velocity, respectively. For ions at temperature 90(10) mK, the SODS is estimated to be −1.84(0.2) × 10 −16 .
B. AC Stark Shift
In the sympathetic cooling scheme, the target ions must always be kept in a low-temperature state through the Coulomb interaction, and hence the lasers of the coolant ion must always be kept on. In the experimental scheme of Ca + sympathetic cooling of Cd + , the Ca + cooling laser at wavelength 397 nm and the repumping laser at wavelength 866 nm remain on throughout the experiment. Therefore, during Cd + hyperfine splitting microwave interrogation, these two wavelengths of the lasers and ion fluorescence inevitably shift the clock transition. For a high-accuracy microwave frequency standard, the ac Stark frequency shift induced by the coolant ions needs to be carefully estimated.
Under the influence of light, each clock level is perturbed. The clock transition frequency is modified by the difference in the perturbed energies,
where λ L denotes the perturbed light wavelength, δν Stark (λ L ) the ac Stark shift at wavelength λ L , δα(λ L ) the difference in ac Stark polarizabilities of the hyperfine states with F=1 and F=0, and I the perturbed light intensity.
The light that shifts the ion energy level consists of two contributions, one from the cooling and repumping lasers of the coolant ions, and the other from the fluorescence of coolant ions. In Doppler cooling, the light intensity of the lasers is typically set to twice the saturation light intensity of the corresponding transition. For the Ca + 397 nm and 866 nm transitions, the saturation light intensities are 4.663 × 10 −2 W/cm 2 and 3.4 × 10 −4 W/cm 2 [35] , and the corresponding laser intensity I laser are 9.3(0.9) × 10 −2 W/cm 2 and 6.8(0.7) × 10 −4 W/cm 2 with 10% power fluctuations.
The fluorescence of coolant ions is calculated from the spontaneous emission (SE). The SE scattering rate R in a laser-cooling process is estimated from [36] 
where Γ denotes the transition natural linewidth, δ the frequency detuning from resonance, and Ω the Rabi frequency. The Rabi frequency and saturation intensity are related by I laser /I sat = 2Ω 2 /Γ 2 . For the Ca + cooling (397 nm, Γ = 2π × 20.67 MHz, δ = −Γ/2) and repumping (866 nm, Γ = 2π × 1.69 MHz, δ = 0) transitions, the scattering rates are 3.2 × 10 7 s −1 and 3.5 × 10 6 s −1 , respectively. The intensity of SE is calculated using I = N Rhν/A, where N = 1.7 × 10 5 is the number of Ca + ions, h the Planck constant, ν the frequency of fluorescence, and A the luminous area. We assume that the luminous area is equal to the external surface area of Ca + ion crystal and all the fluorescence influences the clock transition (as an upper limit). We find A is 31.7 mm 2 (see Fig. 6 ). The SE intensity I fluo. of the Ca + cooling and repumping transitions are estimated to be less than 8.6 × 10 −6 W/cm 2 and 4.3 × 10 −7 W/cm 2 , respectively.
The ac Stark polarizabilities δα at wavelengths 397 nm and 866 nm were analyzed from theory based on secondand third-order perturbation techniques, taking into account the hyperfine interaction, which has been described in detail in Ref. [37] . The calculations were performed using a high-accuracy ab initio approach that included the important many-body and relativistic effects [38] . The calculation results of the ac Stark shifts are listed in Table I, along with the relative ac Stark shift δν Stark /ν clock .
The results show that the magnitude and uncertainty of the ac Stark shifts were down to 10 −17 and 10 −18 levels. This is because the two laser frequencies of Ca + are detuned far from all possible transition frequencies of the Cd + energy levels. The small shifts indicate that, with the Ca + sympathetic cooling Cd + scheme, we no longer need to worry about the influence of the ac Stark shift.
C. Dick Effect
The Dick effect arising from phase noise properties of the local oscillator and the unavoidable dead time, is one of the main limiting factors to short-term frequency stability. The sympathetic cooling scheme offers an effective way to reduce the influence of the Dick effect on stability. The Dick-effect-limited Allan deviation may be expressed as [21, 39] σ Dick
where τ denotes the sampling time, m the positive integer, T c the total time of one measurement cycle, and S f y (m/2T c ) the one-sided power spectral density of the relative frequency fluctuations of a free running interrogation oscillator at Fourier frequencies m/2T c . The parameters g ms , g mc , and g 0 are defined as
where g(θ) denotes the Ramsey interrogation sensitivity function [39] . The time sequences of the laser-cooled and sympathetic-cooled 113 Cd + microwave atomic clocks are presented in Table II . The cycling transition 5s 2 S 1/2 (F = 1 m F = 1) → 5p 2 P 3/2 (F = 2 m F = 2) is used for laser cooling, the transition 5s 2 S 1/2 (F = 1) → 5p 2 P 3/2 (F = 1) is used for pump ions into state 5s 2 S 1/2 (F = 0 m F = 0), and the hyperfine transition 5s 2 S 1/2 (F = 0 m F = 0) ↔ 5s 2 S 1/2 (F = 1 m F = 0) is the clock transition (see Fig. 2 ). By using the sympathetic cooling scheme, there is no need for an extra cooling procedure. The cycle time is then reduced from 1830 ms to 830 ms. Using the same local oscillator as mention in [21] , the Dick-effect-limited Allan deviation was reduced from 3.8 × 10 −14 / √ τ to 1.8 × 10 −14 / √ τ , with the frequency stability limit being reduced by half.
The fundamental fractional systematic frequency shifts and stability of the laser-cooled [11] and sympatheticcooled Cadmium ion microwave clock systems are compared in Table III . The total uncertainty associated with these systematic shifts is reduced by three orders of magnitude to the 10 −17 level, indicating great potential for developing ultra-high accuracy microwave ion clocks.
V. CONCLUSIONS
We achieved long-term low-temperature trapping of a large number of sympathetically cooled 113 Cd + ions us-ing laser-cooled 40 Ca + as coolant. RF trapping was very stable for this Ca + -Cd + system. After three hours in the trap, up to 10 5 Cd + ions were still confined. The temperature of the 113 Cd + ions was as low as 90 mK, which aided the suppression of the uncertainty associated with the SODS. Using the equipartition theorem, this uncertainty was roughly estimated to be at the 10 −17 level. The ac Stark shifts incurred by the Ca + cooling lasers and fluorescence were carefully estimated. The ac Stark polarizabilities were calculated by high-accuracy ab initio calculations. Because the frequency differences between the two laser frequencies of Ca + and all possible transitions of Cd + are large, the magnitude and uncertainty were down to 10 −17 and 10 −18 levels, and hence can be ignored in these circumstances. The results indicate that using Ca + sympathetic cooling of Cd + is expected to be an effective experimental method to improve the accuracy of the Cadmium-ion microwave frequency standard to order 10 −16 . In this sympathetic cooling scheme, one cooling procedure is no longer needed. By decreasing dead time, the Dick-effect-limited Allan deviation is also reduced. All of the experimental results and theoretical analysis show that a microwave clock based on sympathetically cooled Cd + ions holds promise to attain ultrahigh frequency accuracy and stability.
